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Abstract : The analytical formulation of piezoelectric flutter energy harvesting using a bistable material, while considering uncer-
tainties in the model is presented in this paper. Bistable laminates provide the advantage of large deflection due to the nonlinear
snap-through characteristics when exposed to external loading, and can therefore provide a suitable base for piezoelectric material
in energy harvesting applications. A piezoelectric material that is bounded on the surface of bistable laminates, subjected to exter-
nal loading, generates large strains and hence relatively higher electrical output energy, in comparison with the case where piezoe-
lectric material is bonded on a regular surface, with analogous loading conditions. Although information regarding the external
loading , material characteristics of the bistable laminate and the piezoelectric material, boundary conditions, and overall electrical
circuit efficiency can be defined for analytical purposes, the exact model of the system is not readily accessible. The unavoidable
uncertainties in the material, loading, and efficiency of a complex system call for a probabilistic approach. Hence, this paper pro-
vides a formulation that considers uncertainty bounds in obtaining a realistic model. Optimal Uncertainty Quantification (OUQ) is
used in this paper, which takes into account uncertainty measures with optimal bounds and incomplete information about the sys-
tem, as a well-defined optimization problem according to maximum probabilities, subjected to the imposed constraints. The OUQ
allows the inspection of the solution for a span of uncertain input parameters, as a reliable and realistic model.
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self-powered systems.

1 Introduction cy are included in multiple-frequency energy harves-

-[15

ting across a wide band" """’ For example, exter-

Energy independent systems are realized by im-

plementing energy harvesting techchniques, in the nal magnets are used to provide stiffness nonlineari-

16]

development of self-powered sensors and actua- ties'™®’ | which tune the operating frequencies, and

1-[4] 9]

tors' """ using electromagnetic'®'?’ | piezoelec- ~ broaden the frequency bandwidth. Also, tempera-

[10]-[12]

tric , or electrostatic''"’ ture-dependent bistable laminates are used''”, with

energy conversion

significant power outputs over a wide bandwidth by

utilizing square bistable laminates''®'"*'/

mechanisms. This is a power supply solution particu-
larly for low-powered electronics, (e.g. with appli-

cation in wireless sensor networks and monitoring Static stable models are obtained by identifying

J-[4], [13]

devices) , and renewable energy sources'' . the coefficients of assumed polynomials and minimi-

Various techniques have been employed by re- zing the total strain energy. This has been validated

searchers to make use of such piezoelectric energy
harvesting systems with optimum output results.
There is an extensive literature on energy harvesting,
and some examples are indicated in the following
brief review.

Techniques that allow improved outputefficien-

experimentally and also using finite element analysis
for square and rectangular laminates”'"*'. The
double-well potential energy dynamic model of the
system'*" predicts the outputs for any given vibra-
tion pattern. Such modeling has been applied to bi-

stable laminates of trapezoidal and triangular plan-
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forms '* for morphing applications, and have been

modelled analytically as tapered cantilever configura-

[26] 27]-[ 28]

tions , and in arbitrary shapes ' .

The unavoidable uncertainties in the material,
loading, and efficiency of a complexbistable piezoe-
lectric flutter energy harvester call for a probabilistic
approach. Hence, this paper offers a formulation that
considers uncertainty bounds in obtaining a realistic
model. Optimal Uncertainty Quantification (OUQ) (2]
is used in this paper, which takes into account un-
certainty measures with optimal bounds and incom-
plete information about the system, as a well-defined
optimization problem according to probability maxi-
mization, subjected to the imposed constraints. In
this paper, an analytical model of nonlinear piezoe-
lectric bistable laminate is introduced. Next, the dy-
namic model of the system subjected to aerodynamic
loading is presented. Finally, the stochastic model of
the system with bounded constraints is formulated,
which can inspect the solution for a span of uncertain

input parameters, as a reliable and realistic model.

2 Nonlinear Dynamics of Piezoelectric Bi-

stable Laminates
An analytical, geometrically nonlinear model
for piezoelectric bistable laminates with nonlinear e-

[27]- [28]

lectromechanical coupling is presented in this

section.

2.1 Constitutive equations for piezoelectric plates

The assumptions made in modeling the nonlin-
ear piezoelectric bistable laminates are as fol-
IOWSu”- [28] .
1 Bistable laminates are considered as plat-
estructures.

2 Only the laminate is cured at high temperature
and then the piezoelectric layer is attached.

3 The piezoelectric material is polarized along
its thickness.

4 The Kirchhoff plate theory is applicable.

The constitutive equations for piezoelectric ma-

terial may be expressed as

o = Ce-eE
D =es +nk (1)
where o and ¢ are stress and strain fields, re-
spectively, C is the elasticity matrix, e is the electro-
mechanical coupling coefficients matrix, E is the e-
lectrical field vector, D is the electrical displacement
vector, and 7 is the premittivity components matrix.
Based on the Kirchhoff theory, with o5, = 0, for
plate structures, the constitutive relation can be giv-
en by,

gy C,CyC
T _ Gy €y Cyg ey (2)

T, Cq Ci, Ciy O &

D, e e 0 My | |-k

16 €13

The shear forces perpendicular to the mid plane
are assumed to be negligible. Axial forces (N) and

bending moments (M) are given by the expressions

N=(N, Ny N,)"= f{ﬁ odz
P (3)

T &
M:(Mn M,, MIZ) Zf]‘ztrdz

o
where #5- ¢} is the thickness of the piezoelectric
layer and o and o are the membrane and bending
parts, respectively, of the section stress, which is
given by,
o' =Ce&’ ;0 =20k (4)
where ¢’ and k are in-plane strains and curva-
tures.
By substituting (2) into (3), the constitutive
relations for a cross-ply laminate in a general and

compact form may be expressed as,

=0 o))

1 €3
(#5-17) (& +1) I ey | By (5)
2 110

where A , D and B denote the membrane ( exten-
sional ) , bending and coupling stiffness matrices, re-
spectively, and /, is the identity matrix. By integra-
ting both sides of the sensing equation over the

thickness
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(t5-17) Dy = [931 €3 0] (5-17)

{lg 2 + ey Ey(65-17)  (6)
’ 2 ’ K
By cancelling the piezoelectric thickness from
bothsides of Equation (6) ,
N=Qet'e E,
(7)

_ T
D,=e" & +e&, E,

i 1 R MR P
where N = , &= , 0= e =
M K B D

I €3
21 ey, | ,ande=¢ + " =h-4) .
2 7]Lo

Seperation of the linear and nonlinear parts of

the strain field leads to

o &0k o _ £ON
clLleel]

Rewriting (7) in terms of linear and nonlinear

parts,

N=Qé&" +Q&"-1"e E,
9)

_ T L LT _NL
D,=e" & +te" & +e, E,

2.2 Constitutive equations for bistable laminate
The constitutive equation forbistable laminates
may be expressed as follows
N=Q ¢ (10)
wherethe superscript s stands for substructure.
This equaiton in terms of linear and nonlinear parts

of the relation, can be writen as

N =0 & +Q & (11)

Thein-plane strain filed and out of plane dis-

placement component ( deflection) are approximated
based on Hyer’s model " as,

[e0 &) yi]=gd+f=e"+ ™ (12)

x y

where g; is the approximation function matrix for
linear strains and f'is the nonlinear part of the approx-
imation.

Using in-plane strain field approximation in

(12), &* and &™ |, from Equation (8) may be ex-

pressed in terms of the elongation coefficients d and

the curvature coefficients ¢ in a matrix form as fol-

8L:[80L]z{4’ Oﬂd}cbx (13)
K 0 .[3 a

_NL _ SOW ~ T _ f —
& _[ 0} [00/000] _[O}_\If (14)

lows:

Now , & in the constitutive relations is substitu-
ted by its approximated values as,

80
&= =g+ =dX + ¥ (15)

K
2.3 Derivation ofthe governing dynamic equa-

tions

To satisfy the dynamic equilibrium of thebist-
able laminate with bonded piezoelectric elements,
according to Hamilton’ s principle, the potential en-
ergy of the structure under dynamic conditions is

minimized as follows:

1

ty
[Grsu +sw, +sw)di=0  (16)

t
The energy terms in Equation(16) for the non-
linear piezoelectric composite plate can be identified.
The total strain energy of the system may be written
as,
U=U +U =U" +U" +U" + U™ (17)
where, superscripts s, p, m, th, and e stand
for substructure, piezoelectric, mechanical, thermal

and electrical strain energies, respectively.

3 PiezoelectricFlutter 2DOF

A simplified two-degree-of-freedom ( 2DOF )
lumped parameter model of piezoelectric flutter ener-
gy harvesting is discussed now. It will be further ex-
panded to a continuous model associated with the bi-
stable laminate as a basis of the piezoeelctric part, in
the next section. The degrees of freedom for the
aeroelastic vibration of a piezoelectric energy har-

vester 21113

, when exposed to uniform incompress-
ible potential flow, can be defined by the plunge dis-
placement or translation 2, and the pitch displace-

ment or rotation « as shown in Fig. 1, which are de-
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fined using aircraft wing flutter analysis. Also, & and
o are the displacements of a base plate that is respon-
sible for the input excitation of the bounded piezoe-
lectric material. The optimization problem is ex-

pressed as

0

[csrsu 5w, +5wW

i nce

+6W, , +6W, )di=0
i

(18)

Fig. 1 A 2DOF model for aeroelastic vibration .

where T and U are the total kinetic and potential
energies per unit length, W, denotes the internal e-
lectrical energy per unit length, W, is the virtual
work component of the non-conservative electrical
charge, W, is the virtual work component of the
aerodynamic loads, and W, is the virtual work of the
structural damping.

The kinetic energy of the system per length can
bewritten as

T=im(h2 +2ux,b h d) + imfh2 + i]p o’
2 2 - 2
(19)
where m is the airfoil mass per unit length, m,is
the fixture mass per unit length connecting the airfoil
to the plunge springs, x, is the chord-wise offset
from the reference point to the centroid, b is the
semi-chord length, and /, is the moment of inertia
per unit length about the reference point. The poten-
tial energy of the system can be given by
1 6

1 1
U=—Fkh +—k, o*-——h 20
2 h 2 aa 2 l v ( )

where k, is the stiffness per unit length associat-

ed with the plunge degree of freedom, k, is the stiff-

ness in pitch degree of freedom, 6 is the electrome-

chanical coupling term, [ is the span length of the

cantilever, and » is the voltage. The internal electri-
cal energy is

W, = 147 I (21)

2 1 2 1

where €, is the equivalent capacitance of the

piezoelectric material.

The virtual work components can be determined

as
5w, = Lo (22)
SW.. =-Loh + Mda (23)
5W., =-d, hoh-d, ada (24)

where () is the output of the electrical charge, L
is the aerodynamic lift per unit length, Mis the aero-
dynamic pitching moment per unit length, d, is the
structural damping coefficient per unit length for the
plunge DOF and d, is the structural damping coeffi-
cient per unit length for the pitch DOF.

By assuming a harmonic response, it defines h
=he  a=ad v=ve”  L=Le”  M=M
. Using the Lagrange equations with the harmonic re-
sponse assumption, the Equations (19)-(24) will

lead to the complex eigenvalue problem below "*'

Ay Ay || — 0
|:a12 a2z:| b _|:0:| (25)

L
a, = [/3 + —k(w)-0o’(1 +j7h>":| ’
o

lu
ay = (xa + _j ,
o
a, =|x, t s
“

> Me
Ay, =|r +—r(L+jy)A]|,
m

and, A, o, r, u, and B are dimensionless

where
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terms denoting complex eigenvalue (A =

(w,/w)?* ), frequency ratio ( o =w,/ @, ), radius
of gyration ( r =./I,/m b*> ), ratio of the airfoil to
the affected air mass (u = m/7 p, b*> ), and mass
ratio ( 8= (m +m,)/m ), respectively, where w, =

Jky/m o, w,=./k,/ 1, ,p, is the free-stream air

mass density, vy, =d, 0/ k, ,v, =do/k,, and [,

a

l,,m, , m, are the components of the aerodynamic

loads, given by

l, = l-j%C(k) (26)
12 2(1
lm =-a-j I- k—26(k) -] I(Z-aj C(k) (27)
2(1
m, =-a +j k(Z + aj C(k) (28)
(L)L 2,
ma=8+a—]k(2-a)+k2(2 + jC(k)+
2(1
]k(Z—ajC(k) (29)

where « is the dimensionless location of the ref-
erence point, k is the reduced frequency, C(k) is the
The odorsen function, and H,fZ) (k) are Hankel

functions, which are given by

bw
C(k) = 07 (&) (31)
H® (k) +jH* (k)
H® (k) =],(k)5Y,(k) (32)

J, (k) is the Bessel function of the first kind,
and Y, (k) are Bessel function of the second kind.
The term k(w) is
i
wml(j(u C' + Rj

1

k(w) = (33)

where R, is the external electrical load resistance

and Q =v/ R, .
Iterative eigenvalue procedure is employed (e.

g. using the P-K Method) to obtain the eigensolution
of (25) for handa . Consequently vis determined by

: b h

U:L (34)
b C"‘I + —
]w P Rl

The amount of electrical power can be calculat-

edby v’/ R, .
The two-degree-of-freedom lumped parameter
model in this section is extended to the bistable pie-

zoelectric continuous model in the next section.

4 Bistable Piezoelectric Flutter

The flutter analysis, presented in Section 3, is
now incorporated in the continuous model of the bi-
stable piezoelectric laminate, that was discussed in
Section 2.

A piezoelectric energy conversion mechanism is
shown in Fig. 2, where the excitation of the bonded
piezoelectric material, on the bistable laminate, is
due to aeroelastic flutter.

The bistable piezoelectric system is shown in
Fig. 3, which can provide large deflections when
subjected to external loading due to the bistable
snap-through characteristics of the bistable laminate,
as in Fig. 4.

The substructure ( bistable laminate ) , and the
piezoelectric strain energies in Equation (17), can

be given by

L[ = e —

U= s U = (VN sd A (35)
A

p m,p e,p 1 N p

U= U +U":?JN sd A’ (36)
A\‘
By substituting N from Equation (9) it obtains,
Us — Um,s + Uth,s —

I Y
?f (Q&" + Q& -QaAT) "(&" + ™) d A°
As

(37)
Up - Um,p + Ue,p -
1
?f (Qe" +Q&"-re k) "(e" +&™)d A
A.\
(38)

The variation of the strain energy of the system

can be expressed by
aU aUu
oU = —86X + —bv (39)
oX o

where X is the in-plane deformations and curva-
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tures vector and v is the voltage.

@Air fow

Energy storage

o K system .

LI
foe

Piezoelectric

Support.

material . Cantilevered bistable

laminate.

Fig. 2 Piezoelectric flutter energy harvesting.

Air

flow .

Piezoelectric & The bistable
= _| i cantilever
To the electrical material. | I :
e e
g storage system . e
o -~ ¥ =

Air flow direction

in the wind tunnel .

Bistable

cantilever with a

piezoelectric

Fig. 4 Demonstration of bistable large deflection.

By combining all the energy terms, the gover-
ning dynamic equations can be found, where the en-
ergy terms are: the mechanical piezoelectric strain
energy, electrical strain energy, mechanical sub-
structure strain energy, thermal strain energy, piezo-

electric internal electrical energy, kinetic energy of

the system, and non-conservative work. The gover-
ning dynamic equations, can be given by the Hamil-
ton’ s principle in Equation (16) as multipliers of
the virtual in-plane deformation and the curvature
coefficients (8X) and the virtual voltage (dv). By
factorizing 8X and dv, their multipliers should be
zero in the time interval ¢, to ¢, , and the governing

equations are derived as follows
|:M O} d K, K, |:di| 0, L.,
|+ + v =
O '] a KZI KZZ a - 011 Maem
(40)

v

+—=0
R

. . C, v
-0,d +0,a + ;,, (41)

where d and a are the in-plane strain coefficient
vector and the curvatures, respectively, M is the in-
ertial mass matrix, J denotes the moment of inertia,
and L, , and M,
aerodynamic loads for a 2DOF problem are given in

Equations (26) to (29).

are the aerodynamic loads. The

Ki=[e"Agdt + [o" 4 pdn’  (42)
AS AP
Ko(a) = [-a" B o + f'4° ¢-
As
1 _ _ _
JATa(4 + B) d A" + f-aT B¢ + [TA” od A"
AP

(43)

Ky(a) = [-¢"Ba+ o' Af,dA" +
As

[-¢"Ba+ ¢ fadn (44)

Ap

Kp(@)=[a" D-f B-a"Bf, +f A [ dA +

AS

[a DfB-a B, +f SN

AP

%fATo?((AS FBYf(B + D)) dA (45)

where f , denotes i .
' da
5 Uncertainty quantification for the piezo-
electric bistable flutter model

The unavoidable uncertainties in the material,
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loading, and efficiency of a complex system call for
a probabilistic approach. Hence, this paper offers a
formulation that considers uncertainty bounds in ob-
taining a realistic model. Optimal Uncertainty Quan-
tification (OUQ) is used in this paper, which takes
into account uncertainty measures with optimal
bounds and incomplete information about the sys-
tem, as a well-defined optimization problem accord-
ing to probability maximization, subjected to the im-
posed constraints. The OUQ allows the inspection of
the solution for a span of uncertain input parameters,
as a reliable and realistic model. The analytical ener-
gy balance of the bistable piezoelectric system is giv-
en by the Equations (35) through (39).The strain
energy of the system for the system, while consider-
ing uncertainties and the corresponding optimal
bounds, can be given by OUQ. The parameters with
uncertainties can include external loading, material
characteristics of the bistable laminate and the piezo-
electric material, boundary conditions, and the over-
all electrical circuit efficiency. Therefore, the corre-
sponding parameters that are potentially uncertain in
Equations (40) to (45) can be formulated by
bounded probabilities.

If the output power of the piezoelectric system
, , then it can define P,.X - R, X —
P (X) , with the probability of Pe M(X) , where
X and X denote the deterministic and the stochastic

is givenby P

forms of the inputs, respectively. In a stochastic rep-
resentation of a system, it is required that the proba-
bility of the power consumption function, P,(X) to
be obtained for a bounded region of the uncertain pa-
rameters. If the system is required to supply a certain
amount of desired power output, P, , for instance,
in achieving a self-powered scheme as an objective
of the problem, failing of the system ( which corre-
sponds to P, < P, ) can be formulated as
P[P, (X) = P,] <e (46)
which is referred to the scenario that: ° the
probability that the desired output power, P, , is lar-

ger than the produced output power by the piezoelec-

tric system, must be less than a defined € , in order

for the system not to fail as a self-powered applica-
tion. Suppose that the probability function is a mem-
ber of admissible extremal scenarios A (or (P, ,P) e
A ), where A is defined as

pu:Xl X oo XX”%R
A(p, )l p=p Qu, @ Qu, o (47)
E;L [p o] <P max

and n denotes the number of uncertain parame-
ters to be considered in the analysis of the power/en-
ergy, for parameters defined as inputs to the power/
energy function, and these inputs are denoted by
X, ,i=1,,n Also, E, [p,] is the bounded mean
output power, u, is the probability measure of the in-
put parameter X, ( u, € P(X;) ), andp, is a possible
output function of P, associated with the correspond-
ing inputs/parameters X, . The original problem en-
tails optimization over a collection of (p,,u) that
could be (P _,P) . P

the piezoelectric physical limits in producing power/

is the output upper bound of

0 max

energy. X, and u, parameters can be constrained val-
ues with corresponding lower and upper bounds for
each ¢ . The optimal bounds on the probability of
power consumption according to the required per-
formance can be described by the upper bound,
U(A) as

UA): = sup plp,(X) =P,],

The lower bound, L(A) , corresponding to the
minimum required power consumption can be stated

as

L(A) s = inf plp,(X) =P,]

(Posm

Therefore, the optimal bounds of the problem

can be given by
L(A) <P[P,(X) = P, ] <U(A)

The power output can be determined by solving
the constrained optimization problem for extremal
scenarios A , with the inputs/parameters are also
constrained.

If any of the parameters that are used in obtai-
ning the piezoelectric energy/power output, are con-
sidered for uncertainty analysis, the upper bound and

lower bound for such parameters are introduced, and
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the problem is solved accordingly, as an optimiza-
tion problem with the bounds introduced as the prob-
lem constraints. For instance, parameters, v , M ,
J,L,, ,and/or M

taining the output power/energy, can be introduced

w » Which are responsible in ob-
with well-defined upper and lower bounds in order to
span the probability of such parameters being regar-
ded as uncertain or incomplete information about the
system/parameter. Then, in a mathematical form we
can write, for instance,

MeX.=[M, M,]I

Je Xy = [T oal

L, € X;:=1[L

aero aero min %~ aero max ]

E 4(1870 € ‘Y4 . [l 4 aeromin 9 aero max ]

v e XS: = [Umin ’vmux]
In such case, the admissible set A may be given
by

P, X XXy x o X Xy >R

A (p, ) | =y @y O py @ py & ps
E, [p,1<P

"

(48)

As seen in this example, the optimization cost
function includes multiple parameters. Consequently
the problem of the output energy of the piezoelectric
system is analyzed for the “worst case” scenario.

If (experimental) sample data is available, the
OUQ approach can be extended to the Machine Wald
") technique, which is equivalent to performing
Bayesian inference but optimizing the prior value. In
Machine Wald, if an estimation of a function
®(w) , is function # of sample datad , then the esti-
mation error §(d) -®(w) is required to be equal to

Z€r10.

6 Conclusion

The unavoidable uncertainties in the material,
loading , boundary conditions, and system efficiency
of the complex bistable piezoelectric flutter energy
harvesting model call for a probabilistic approach. In
this paper, a realistic model of the bistable piezoe-
lectric system which takes into account the uncertain-

ties in the model with bounded constrained was pro-

posed, as a well-defined problem. This approach al-
lowed obtaining a solution for the bounded output
energy in accordance with the bounded inputs and
system characteristics, using Optimal Uncertainty
Quantification. The OUQ approach was recommen-
ded as a more reliable method in estimating the out-
put energy of the system rather than relying merely
on the deterministic approach. The future work of
this research will involve comparing the experimental
results with the numerical solutions of the corre-
sponding OUQ-based model.
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